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MATHEMATICAL EXPRESS ION 
F O R  
DROP S I Z E  DISTRIBUTION IN SPRAYS 
BY 
H. Hiroyasu 
SUMMARY 
Several mathematical expressions for the distribution of drop 
sizes i n  liquid sprays have been proposed by different researchers. 
These various distributions can be classified into two main types, 
the logarithmic normal distributions and the Chi-square distribu- 
tions. In this paper, the theoretical soundness of applying these 
two main types of distribution f u n c t i z  to 
- v 
drop size distributions 
is discussed and several figures that are useful when applying them 
to spray data are included. It is shown how some empirical drop 
size distributions can be derived from the general Chi-square 
distribution function. This suggests that it may be possible to 
relate the parameters in the Chi-square distribution equation to 
the fundamental mechanisms of spray formation. 
that the Chi-square distribution fits the available spray data 
well, can be graphed fairly simply, and furthermore if the para- 
meters fi and J, are defined, several expressions of distribution 
(volume, number, cumulative, etc.) can be found and several types 
of mean diameters can be calculated. 
It is concluded 
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MATHEMATICAL EXPRESSION 
FOR 
DROP SIZE DISTRIBUTION IN SPRAYS 
by 
K. Hiroyasu 
t 
I 
INTRODUCTION 
Various mathematical expressions for the distribution of drop 
sizes in liquid sprays have been proposed by different researchers. 
For example, the Rosin-Rammler distribution, the Nukiyama-Tanasawa 
d i str ibu t ion, the loqar i thmic normal distribution, the upper -1 imi t 
loyarithmic normal distribution and the square root normal distrib- 
ution are widely used for this purpose. Unfortunately, we cannot 
determine which expression is theoretically best because we have 
no accurate method of measuring the size distribution of drops and 
there is little knowledge of the mechanism of droplet breakup. 
Under these circumstances, a suitable expression should (1) fit 
the data adequately, ( 2 )  permit easy calculation of mean sizes and 
o t h c r  mathematical parameters of interest and ( 3 )  give an insight 
i n t o thc funt lamcnt f i l  mechanism o€ droplet production. 
'1'11 i :i pilx'r w i l  1 c i  j scuss h o w  wcll the various distributions 
: ; ,I  I i s Cy t Iic. '1Lwvc rcLli1ir-cnwnts . 
'1'1 1 1 8 ;  ~ ' O N C l ~ ~ P ' V  Oid' TI [I7 DI S'I'IIIBUTIONS - - -_  __ -
' IW~rc. ar t \  various experimental methods of measuring the size 
o f  liquid drops sprayed from a nozzle. By these experimental 
m e t h o d s  we typically characterisc a spray either by number versus 
diameter or by volume versus diameter (for some special cases, there 
is also a method for characterizing by surface area). 
Let us first define the terms we shall use in describing 
the number and volume of drops in a spray. Speaking first of the 
number of droplets in a spray we define: 
8 
I 
1. T h c  total number N of droplets in a spray, is mathe- 
matically c le f incd  as 
C r I  
where f (x) = - dn n dx and is a mathematical expression for the 
numhcr of drops of a size x in a given size range dx. 
2. The cumulative number n of dropl2ts less than a given 
size range x, is mathematically defined as 
r X  
Likewise the number of droplets of a size larger than x will 
be given by 
u) ,. 
3 .  
between 
The incremental number - n  of droplets in a size range 
AX AX and x + - 2 .  x - -  2 
4. In many cases we shall wish to normalize these terms 
and shall use the * superscript to indicate normalization, i.e., 
00 
* 
N* = io fn (x) dx = 1 
The cumulative number fraction is 
X 
J x  
Wc: wil.1 F o l l o w  the same symbolism f o r  the volume V of N 
clroplcts i n  a s p r a y  using f = dv/clx to indicate the mathematical 
e x p t c s s i o n  for  t h e  volume of the drops in a size range dx 
V 
( 4 )  
W 
v = j  0 fv(x) dx 
The normalized expression is 
.mm 
T h e  cumulative volume fraction is 
or 
8 
where the subscript v indicates a volume function as opposed to 
the number function fn, Note that fn and fv are related by 
( 1 3 )  
. r r 3  
fn - x  
- 
€v - 6 
* I n  some cases thc cumulative volume fraction v is expressed 
as a pcrccntaqe and called the percent passing volume quantity. 
T h c  t e r m  pL'rccnt passing volume quantity comes from the size of 
s o l i d  particles that would be passed through a sieve which has 
opening of size x. 
called the residual volume quantity. 
* B y  analogy the quantity V* - v is sometime 
sork on1 
9 
TIIF: CONCEPT OF MI<AN DTAMETERS -- -c__ 
In many s p r a y  problems it is desirable to ith 
avcraqc diameters instead of the complete drop size distribution. 
Thcrc arc at lcnst six types of mean diameters which may be 
used to represent a qiven spray distribution. This is because 
a spray has four characteristics, that is, the number of droplets, 
and thc diameter, volume and surface area of each droplet. 
Using thcsc characteristics of a spray, the general equations 
for the various types of mean diameters can be written 
where q and p may take on values corresponding to the characteristic 
investigated. 
Some of the more important mean diameters are listed in Table 1 
with the corresponding values for p and q .  
TABLE 1 - MEAN AND MEDIAN DIAMETERS 
P 
q P Name of Mean Diameter 
- 
1 0 Diameter - Number 
2 0 Surface - Number 
3 0 Volume - Number 
2 1 Surface - Diameter 
10 
20 
3 0  
X 
X 
X 
- 
- 
- 
"21 
Mean Diameter 
~~ - 
' 3  1 Volume - Diameter 31 
32 
x 
X 
- 
3 2 , Volume - Surface Sauter ' s 
- 
X nm - 
X vm 
Number Median Diameter 
Volume Median Diameter 
In addition t o  mean diameters, median diameters have also 
l x c n  dcfincd. l’hcy arc convenient average sizes because they 
can l x  cvaluatcd immediately at the 5 0  percent mark of the cum- 
ulative distribution curves. - 
Two median diameters are commonly used. The first, xnm, is 
the number median diameter, i.e., the diameter of a drop such that 
half thc total number of drops have diameters greater and half 
have d.iamcters lcss than Xnm, or mathematically using E q s .  5 and 6 
- 
The second, x is the volume (or weight) median diameter, i.e., 
the diameter of a drop such that half the total volume is composed 
of drops with diameters less than x 
drops with diameters greater than Xvm, defined mathematically by 
vm ’ 
and half is composed of vm 
- 
X (0 m 1 X 3  f(x)dx (16) 3 vm x f (x)dx = - - = j x3 f(x)dx = 
n 2 o  n 
vm 0 
2 
r t O C ;  Al? r 1’1 I M 1 c‘- P ROI3Al3 T 1, T: T Y  D I S T R  I BUT I ON - _- -- - I-__ _ 
M o s t  distribution functions have been dcfined inductively 
from many cxpcrimental rcsults. To be useful, a distribution 
function should be wcllknown mathematically. 
distribution fits this criteria. 
A normal probability 
The normal distribution function can be adapted to give a volume 
distribution for sprays 
11 
1 I I :; I oiiiid t t1'11 i111 s f u n c t  i 011 c y i v c x s  a vvry poor fit to many 
c ~ x T ) ( ~ i - i n i c ~ i l l  ,i 1 i1roplcc.t  d j  stsibut i o n s  si ncc. thcy arc ordinarily dis- 
tri butions somewhat skewed from thc normal distribution. Conse- 
qiicntly, it was suqgcsted that t h e  distribution be skewed from 
the normal function by using the logarithm of x as the variable. 
Thc. first to apply the logarithmic-normal distribution to a prob- 
This typical loqarithmic normal representation of the volume 
l c m  of drop size distribution was Galton. 1* 
size distribution is 
where 
X y = ln(-) 
.I. X 
Thc cumulative volume fraction is determined by integrating 
equation (18) 
- 1 
-- - + crf ( 2 )  2 
wlic.rc. c . r f  ( z )  j s  the error function, or probability integral, of 2. 
-- -_I------- 
*Numbc:rs rcfer to references at the end of the paper. 
12 
The logarithmic normal number distribution can be shown to 
be 
For the x t  in the log-normal distributions, Theodore Hatch and 
Sarah P. Chate2 have used the geometric mean diameter while B. 
- t  Epstein3 and F. Kottler4 have used volume median diameter xm. 
Theoretically, however, we should only use the mean diameter for x . .t 
From equations @4) and (18)plus some algebra it can be shown that 
the qeneral exprcssion of mean diameter for this distribution is 
In the followinq discussion, we shall use the volume median 
I ciiametcr X for x . m 
Fig. 1 shows the variation of volume distribution dv/dy 
with dimensionless diameter (x/zm) for the various values of 6. 
From this figure, it is apparent that the logarithmic-volume dis- 
tribution has n maximum point at the median diameter 
As it is simpler to represent volume distribution versus 
(7 imcnsionlcss diameter (x/Gm) rather than volume distribution 
versus the locjarithm of the dimensionless diameter, we replace 
dy = l/(~/~$ 
m' 
d(x/z ) in equation 08) to obtain m 
2 
" . In  order to write simpler expressions we hereafter write 
- 
vm x- "m t o  niccin the same as was previously written G 
13 
Thc variations of the volume distribution dv/d (x/xm) with 
( 1  i n i p 1 \ s i o 1 ~ 1 ~ ~ : : : :  d i n n ~ c ~ t c ~ t -  (x/X,,,) arc shown i n  FicJurc 2 
vi1 LUl\S U T  \\ . 
for different 
b ' i q u r c i  3 i s  iin c:x,implc of a plot of cumulative volume on 
thc probability scale versus log (x/xm). 
the logarithmic-normal distribution, they will form straight lines. 
The value of 6 represents the degree of uniformity of the 
drop size in the spray, as illustrated by Figures 1, 2, and 3 .  
The value of 6 can be calculated from the slope of the lines in 
Figure 3, that is 
If the data follow 
where x and x are the diameter for a cumulative percentage 
of 90 and 10 respectively. 
will be a straight line on log-probability coordinates, typically 
the experimental data deviate from a straight line at large values 
of x. In an attempt to develop a different function that would 
not have this problem, Mugel and Evans' suggest an upper limit 
log-normal distribution which used y = ln(ax/(x -x) ) instead of 
y = ln(x/x*) in equation (181, where x is the maximum diameter 
d r o p l e t  in the spray. 
equation to Ingebo's13 data. 
Plot the data as P against x, drawing a smooth curve to fit these 
points. From these curves read the loth, 50th, and 90th percen- 
tiles, x 
formula 
90  10 
Although the plot of an exact logarithmic-normal distribution 
max 
max 
Figure 4 illustrates the application of the upper-limit 
5 is determined as follows. max Here, x 
- 
x = x and xg0. Then calculate x from the 10' 50 m' max 
x50(x90  + X l 0 )  - 2'xgo'Xl~ 
2 50 
X = x  max 
50 - x90'x10 X 
1 
I 
R 
I 
2 
I 
r 
1 
8 
t 
I 
1 
S 
E 
1[ 
I 
t 
I 
Tlic paramctcir a is rcadily determined from the line repre- 
stinting tlic tlistrikjution. Since y = 0 at the 50th percentile, 
(whc.rc- x = x tlie volume median diameter) , we have here - 5 0  ni 
- 
x - x  max m 
- a =  
X m 
Thc paranictcr IS is determined by the slope of the line, 
hence by any two points on it. Let us designate the coordinate 
on the log scale by u; 
x u =  
X - x  max 
Then if we rend the values u and u at the 90th and 50th per- 
ccntiles, we find 
90 50 
CIlI-SQUARE DISTRIBUTION 
Another distribution function which can be derived from the 
normal distribution function is the Chi-square ( x 2 )  distribution. 
In general, if tl, t2, t3, ... t 
J, 
and we define 
are standardized normal variables 
then x 2  has the distribution 
(28 )  
which is known as the x 2  distribution with C$J degrees of freedom. 
As an illustration of the meaning of the x 2  distribution con- 
sider a target at which we have fired a very large number of 
arrows. If we call the non-dimensional rectangular coordinates of 
a point on the target (t t ) as in Figure 5-a we can expect that 
the probability of a hit depends upon the radius, x ,  from the 
target and that the frequency versus distance curves will follow 
a normal distribution for both t 1 
if the probability of a hit is the same on the tl and the t2 axes, 
the curves in Fig. 5-b will fall on top of each other, If the prob- 
a b i l i t y  o€ a h i t  is different between the two axes, the curves for 
t a n d  t w i l l  n o t  coincide as illustrated in Fig. 5-b. Now if 
+ t2 as is shown in Fig. 5-a, the frequency versus x 7  
1' 2 
and t2 as in Fig. 5-b. Note that 
2 2  
x "  = tl 
1 
2 
curves can be expected to follow a Chi-square distribution function 
with degrees of freedom $I = 2 ( E q .  29) and have a shape similar to 
Fig. 5-c. 
familiar Maxwell distributon of molecular velocities6 with degrees 
of freedom = 3 .  
of t h e  distributions of droplets in sprays.' 
related to the droplet diameter x by 
Another example of a form of x 2  distribution function is the 
The x2 distribution function has been applied to some problems 
In this case, x is 
13 x 3  = 2bx , 
where d ) ,  b, and p are the distribution constants. Thus for the 
volumc distribution the following equation is presented using Eq. 27 
B Since x z  = 2bx , equation (30) becomes 
16 
When = 1, equation ( 3 1 )  becomes 
Using p,=1 
( 3 2 )  is a simple and a useful equation for drop size distributions. 
The x 2  distribution is always highly skewed for small values 
has provided a good fit to much experimental data,  quat ti on 
of ( 1 1 ,  lwcomcs more symmetric when L$ increases, and approaches a 
normal distribution in shape for large 4 as shown in Figure 6, 
The number distribution corresponding to the x 2  equation can 
be obtained from Eq. ( 3 1 )  by using the relationship between number 
and volume as given by Eq. (13)  to give 
7 
When c i  = 1, E q .  (33 ) becomes 
(11 - Q, 
* 2 
9 r ( -  - 3 )  2 
-bx (z 3 )  - - 
x e dn - b - ._ - 
dx 
(34)  
* 
The cumulative volume fractionv and the cumulative number * 
fraction n are determined by integrating ' E q s ,  (30 ) and (33 1 ,  
respectively to give 
17 
t 
t 
t 
1 
I 
8 
B 
I 
R 
D 
8 
I 
4 
I. 
8 
2 
and 
(37) 
w h c r c x  I' ( u . )  is thc incomplete gamma function, as defined by 
X 
Extensive tahlcs of the ratio I(x,a) 
"Tablcs of the Incomplete Gamma Function. 'I8 
Tables of Chi-square Distributions and from Tables of the Incomplete 
Gamma Function. 
= r ( Q ) / r ( L )  are given in X 
Then we can easily obtain the values ofn * andv * from both the 
If we wish the commonly used Sauter's mean diameter x32, the 
value of b in Eqs. 
to be 
(311, (33) and related equations can be shown 
On the other hand, if we wish the volume median diameter Xm, 
the value of b becomes 
7 a 
= [y][k] m 
where x 2  is median x 2  value which is discussed later. m 
If we introduce the dimensionless diameter as X/x32, then 
E q .  ( 3 1 )  may be written 
18 
Sincc in many C-,.ISC.C; I! = 1, Q is usually the only distribution 
c o ~ i : ~ k ~ i i i l .  ' r l ju:71 V i q .  7 s h o w s  t l i v  varintion o f  dv/d(-- X ) with dimcn- - 
X.." 
of (I. 
that is, at Sauter's mean diameter. For this reason the form of 
the x' distribution is very convenient. 
T h e  curvcs on this figure g i v e  a maximum point at x/x 32 = 1, 
Next, we wi.11 develop a dimensionless expression using the 
volume mean diameter Xm. 
the mean value of x' for each I$ in the x 2  distribution by the 
following equation 
To obtain the median diameter, we define 
m 
Values of xYm are listed in x ?  distribution tables. 
Thus, the relation of the median diameter to Sauter's mean diameter 
may be obtained from Eqs. (38) and (39) 
- 
32 x 
(42) 
Table 2 shows the above relation for several values of 4 when L; = 1. 
9 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
X2,/2 
1.678350 
2.175730 
2.674060 
3.172905 
3.672060 
4.171415 
4.670910 
5.170500 
5.67015 
6.1.6990 
TABLE 2 
Xm/X 3 2 
1.67835 
1.45092 
1.33703 
1.26917 
1.22402 
1.19183 
1.16773 
1.14900 
1.13403 
1.12180 
4 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
x% /2 m 
6.66965 
7.16945 
7.66925 
8.16905 
8.66895 
9.16880 
9.66870 
10.16860 
10.66850 
11.16845 
zm/52 
1.11161 
1.10299 
1.09561 
1.08921 
1.08362 
1.07868 
1.07430 
1.07039 
1.06685 
1.06366 
J%. ( 3 3 )  may be written w i t h  (x/?( } by using E q .  39 for b, x 
19 
' is obt;tined from ?'able 2. "m ' [E  (11 is d e f i n c b d ,  
Fig. 8 shows the variation of dv/d(x/xm) with dimensionless 
The value of 4 is related to the degree of uniformity of the 
diameter (x/x ) for various values of 4 .  m 
drop sizes in a spray, and experimental data shows $ is a constant 
for  a given nozzle over a wide range of operating conditions. 
When + = 12, volume distribution curves for various B are 
shown in Fig. 9 .  The values of c; are also associated with the 
degree of uniformity of drop size and it is quite sensitive to 
variations in drop size distribution. 
Fig. 10 shows the cumulative volume distribution curves for 
various values of 9. A plot of cumulative volume distribution on 
a Chi-square scale against a linear (x/:,)~ scale should yield a 
straight line f o r  12 = 1 as shown in Fig. 11. 9 
Analysis of experimental d a t a  on a liquid spray for number 
versus diameter distribution is easily made by converting equation 
( 3 3 )  into the form 
B 
( 4 4 )  - -  b x  "1 = log1()[ 2.3  loglo[ 4 1 7.  { i-4 dx 
x- 
A plot o f  loy [ against xB should yield a straight 
X 
l i n e  with slope equal to b/2.3. Here, the values of 9 and B are 
dctcrmincd by trial and error to give the best alignment of data 
points. In actual practice, construction of straight line plots 
from original data is quite simple, as will be illustrated later. 
20 
If w e  h a v e  d a t a  on t h e  volume d i s t r i b u t i o n  f r a c t i o n ,  f v  * , w e  
c a n  p u t  Eq .  (31) i n  t h e  fo rm 
F i n a l l y ,  thc g r l n e r a l  c q u a t i o i l  f o r  t h e  mean d i a m e t e r  x f o r  
9P 
t h e  h. '  d i s t r i b u t i o n  f u n c t i o n  i s  o b t a i n e d  by  s u b s t i t u t i n g  Eq.  3 3  
i n t o  E q .  14 t o  g i v e  
Wllc?n 1; = 1, t h i s  s i m p l i f i e s  t o  
1 
If $ = 2 i n  a x 2  d i s t r i b u t i o n  e q u a t i o n ,  Eq .  3 1 ,  i t  becomes 
t h e  Rosin-Rammler e q u a t i o n  which w a s  p r e s e n t e d  by  R o s i n  a n d  R a m m l e r  1 0  
f o r  a p p l i c a t i o n  t o  powdered mater ia l s .  T h a t  i s  
* B a-1 -bx e - -  dv - u bx dx (481 
( 4 9 )  
-bX P * *  
v - v  = 1 - c  ( 5 0 )  
w h ' r e  I :  ci~id I_, drc d i s t r i b u t i o n  c o n s t a n t s .  
c : q U , i t i o n  c'111 L C ~  o b t a i n e d  f r o m  thc x "  d i s t r i b u t i o n  f u n c t i o n .  
l'iius t h e  Rosin-Ramnller 
21 
B 0+4 B a+3 -bx 
X e dv* - Bb dx 
r ( '  + 
B 
where a, B ,  and b are d i s t r i b u t i o n  c o n s t a n t s .  Thus,  t h e  Nukiyama- 
Tanasawa e q u a t i o n  can a l so  be o b t a i n e d  f rom t h e  x 2  d i s t r i b u t i o n  f u n c t i o n  
ECJ. ( 3 3 )  becomes G r i f f i t h  comminution e q u a t i o n  which w a s  d e r i v e d  
by L. G r i f f i t h 1 2  by a p p l y i n g  t h e  t h e o r y  o f  p r o b a b i l i t y  t o  t h e  
m o l e c u l a r  s u r f a c e  e n e r g y  i n  a n  e l e m e n t a r y  comminuted s y s t e m ,  
t h a t  i s  
F u r t h e r ,  when 4/2 + 4 = r ,  arid U = -1, t h e  X 2 d i s t r i b u t i o n  e q u a t i o n  
where t h e  v a l u e s  of k', r ,  and b can be d e t e r m i n e d  f r o m  e x p e r i m e n t a l  
d a t a .  N o t e  t h a t  
so t h a t  k', r, and b a re  r e l a t e d  and  t h e r e  are  r e a l l y  o n l y  t w o  
i n d e p e n d e n t  v a r i a b l e s .  
DISCUSSION AND COMPARATIVE FIT OF DISTRIBUTION EQUATIONS -- -- - 
T h e  log-normal  d i s t r i b u t i o n  and t h e  x 2  d i s t r i b u t i o n  c a n  be 
compar-.:d c l i r c c t l y  i n  t e r m s  of t h e i r  ( a )  m a t h e m a t i c a l  c h a r a c t e r i s t i c s  
( b )  n i i n 1 , ~ : - ~ ~ ; 1 1  d i s t r i b u t i o n  (c )  volume d i s t r i b u t i o n  and (d) c u m u l a t i v e  
volunw c i i s t r i b u t i o n .  
2 2  
I t ' i  C ~ ~ ~ I I I ~ I \ ~ ~ ~ ~ + ,  ~ ' i i i i i i i  l ~ t  i \ 'c ' n l l t t  i i l ( * ,~ l~  ( 1  j ,? t i i r r [  o i  r ' t l r i  v r : q i r j i i r :  f c j t  1 1 1 0  
I I I I I  I I I I I I I I . ~ ~  t 1 1 e . t  I 1 1 1 i i [  i t 1 1 1  ; i i i~t  1 a 1 1 i  ~ i ~ ~ i i , q i c *  ~ l i * : t  I i l t i i t  i o i i  i c i - : l * r ~ i  1 i \ * c l \  
. I I ~ '  I 1 : 1 t  t b ( I  I I I  ' I ' s ~ I ~ l c k  i .  I ~ I I I I ~ , I I ~ , ~ ~ I I I I ~ , ~ ~ : ~  t * > i l l l v * * . : i  I ~ ) L I : >  c a t t i  F I ~ ~ ~ L C ~ I  t? 
d i s t r i b u t i o n  arc dlso shown i n  Table  4 .  The v a l u e  of  t h e  dimen- 
s i o n l e s s  d i s t r i b u t i o n  c o n s t a n t s  f o r  v a r i o u s  v a l u e s  o f  4 and B = l  
are shown i n  Table 5.  
A s  d i s c u s s e d  p r e v i o u s l y ,  bo th  d i s t r i b u t i o n s  can  be o b t a i n e d  
f r o m  normal  d i s t r i b u t i o n s .  
i n t o  t h c  normal  s h a p e  by u s i n g  a l o g a r i t h m i c  abscissa, w h i l e  t h e  
x7 d i s t r i b u t i o n  i s  formed from several  no rma l  d i s t r i b u t i o n s .  
f a c t  that the x 7  d i s t r i b u t i o n  may be g i v e n  the  form of e m p i r i c a l  
d r o p  s i z e  d i s t r i b u t i o n  e q u a t i o n s  s u g g e s t s  t h a t  it may b e  p o s s i b l e  
t o  re la te  the p a r a m e t e r s  i n  t h e  x 2  d i s t r i b u t i o n  e q u a t i o n  t o  t h e  
f u n d a m e n t a l  mechanisms of s p r a y  f o r m a t i o n .  
d i m e n s i o n l e s s  e x p r e s s i o n s  can be made e a s i l y  w i t h  xm. 
t r i b u t i o n  h a s  three p a r a m e t e r s  4 ,  6 ,  and  b ( u s u a l l y ,  f o r  s p r a y s  B = 1 ) .  
While  t h e  x 2  d i s t r i b u t i o n  can  also b e  made 
x i t  has t h e  a d v a n t a g e  o f  a l s o  b e i n g  c o n v e n i e n t l y  n o r m a l i z e d  
u s i n g  S a u t e r ' s  mean diameter ( x ~ ~ ) .  
c a u s e  S a u t e r ' s  mean diameter has  a u s e f u l  p h y s i c a l  meaning and  i s  
an i m p o r t a n t  v a l u e  f o r  combust ion and c h e m i c a l  r e a c t i o n  c a l c u l a t i o n s .  
l 'hc  n o n d i m e n s i o n a l  volume e x p r e s s i o n  u s i n g  x 3 2  a lways  has i t s  
maximum p o i n t  a t  x = x 
T h e  log-normal  d i s t r i b u t i o n  i s  skewed 
The 
T h e  log-normal  d i s t r i b u t i o n  has two p a r a m e t e r s  6 and xm, and 
The x 2  d i s -  
nond imens iona l  by u s i n g  - 
- m'  
T h i s  i s  v e r y  c o n v e n i e n t  be- 
- 
32' 
I n  14'ig. 12, a loy-normal  curvc  ( F i g .  2 )  i s  compared w i t h  a 
x' c u r v c  ( P i g .  8 )  of t h e  same iliaximum h e i g h t .  Because of i t s  
brocidcr p e d < ,  i t s  g e n t l e r  slopes n e a r  the p e a k ,  arid i t s  lower t a i l ,  
t h c  d i s t r i b u t i o n  f r e q u e n t l y  p r o v i d e s  a be t te r  f i t  t o  e x p e r i m e n t a l  
da t a  t h a n  t h e  log-normal  d i s t r i b u t i o n .  
. The u p p c r - l i m i t  log-normal  d i s t r i b u t i o n  p r o v i d e s  a good f i t  
t o  some e x p e r i m e n t a l  d a t a .  However, this d i s t r i b u t i o n  is d i f f i c u l t  
t o  a p p l y  b e c a u s e  of t h e  c o m p l i c a t i o n s  i n v o l v e d  i n  d e t e r m i n i n g  6 
and  x max 
d i f f i c u l t i e s ,  t h e  u p p e r  l i m i t  log-normal  d i s t r i b u t i o n  i s  n o t  a 
commonly u s e d  d i s t r i b u t i o n .  
f o r  each set  of e x p e r i m e n t a l  data.  Because  o f  these 
3 3  
TABLE 3 
U 
4 
8 
'El 
8 
Frequency  
D i s t r i b u t i o n  
Cumu 1 a t  j. ve 
I l i  s t ri b u t  i on 
Mc an  
D i a m e t e r  
Log a r i  t h m i  c -No  mal Di s t r i bu t i on C h i - s q u a r e  D i s t r i b u t i o n  
X z = Qn(?)6  
(error f u n c t i o n )  
- 
x =  x *  e 
qP  
( C h i - s q u a r e  f u n c t i o n )  
- q-p  
X 
q P  
b 
r ( g  + 9-3) B 
dn* = 
* 
dv = 
* 
dn = 
* 
dv = 
where 
A 
A '  
C 
C '  
2 4  
TABLE 4 
Dimcnsionlcss Exprcssion of Chi-square Distribution 
B =  
2 
- xrn D - -  
2 
2 
25 
TABLE 5 
‘ L ’ h c  V i l l u C .  of Dimensionless Distribution Constants shown in 
‘l’ablc 4 with V a r i o u s  4 ( B  = 1) 
A 
0 . 8 9 2 1  
3.0000 
7.3885 
16 .0000  
32 .3143 
62 .5000 
1 1 7 . 4 0 7 1  
216.0000 
39t1.2615 
700 .2918  
B 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.0 
6.5 
7 .0  
A ’  
7.4338 
13 .5000 
24.1360 
42.6667 
74 .7845 
130.2086 
225.4964 
388.7988 
667.9124 
1143 .8076  
B’ 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5 .5  
6 .0  
6.5 
7.0 
C 
1.0050 
3 . 6 7 2 1  
9 .6134 
21 .8174 
45.7293 
91.1493 
175.5492 
329.8080 
608.1952 
1105.4847 
D C ’  D’ 
3.173 17 .1208 3.173 
3 .672  30.3032 3.672 
4 . 1 7 1  53 .1658 4 . 1 7 1  
4 . 6 7 1  92 .6393 4 .671  
5 . 1 7 1  160.5360 5 . 1 7 1  
5.670 276.9398 5.670 
6 .170 475.9812 6.170 
6.670 815.4350 6.670 
7.170 1393.1954 7.170 
7 .670 2374.6056 7.670 
26 I 
I 
i 
B 
1 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
'I'hc x'' distribution can conveniently be cxprc?ssc?d €or 
number frequency distribution, volume frequency distribution 
and cumulative distribution, but the log-normal distribution 
can be conveniently expressed only for cumulative volume dis- 
tributions. 
13 For example, Table 6 presents Ingebo's data . He mea- 
surcd number versus diameter of droplet for impinging jets in 
a r o c k e t  cornbuster. The data of the third column of Table 6 
n ,  arc measured directly. From this, the data of the fourth 
column of Table 6 ,  v, are calculated using the data of droplet 
number, i.e., third column. Fig. 13 shows these results for 
Run 4 .  From curve A it is apparent that the number frequency 
curve is a fairly smooth curve but the volume-frequency dis- 
tribution, curve B, is irregular, i.e., the data are scattered. 
Because of the scattering, it is very difficult to analyze 
correctly for volume distribution data. Curve C of Fig. 1 3  
is residual volume distribution data obtained from the volume 
Eraction data. This is a fairly smooth curve, but because it 
was ohtaincd from too small a sample, each data point has a 
larqc uncertainty. 
The loq-normal and the upper limit log-normal distributions 
arc suited only to cumulative volume data while the x2 distribu- 
tion can be applied directly to number frequency data as well as 
to cumulative volume data. For this reason the x 2  distribution 
is the most generally applicable. 
normal, upper limit log-normal and x 2  distributions. Since the plot 
for the log-normal distribution is not a straight line, these 
data do not follow the log-normal distribution. While the x2  
distribution shows some scatter, it does have the previously men- 
tioned atlvantage of being ablc to work with volume or number 
distributions. 
Figs. 14, 15, and 16 show Ingebo's data plotted for log- 
D , > t a  for c > i i c  run with a small air atomizing nozzle are given 
1 4  by Iioughton as shown i n  Table 7. As shown in column 5, 99% of 
the number of droplets fall in the range of 2 % 2 0 ,  in diameter 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
( 1 )  Iiun /I 
X 
1.1 
1 3 . 7 5  
2 6 . 2 5  
3 8 . 7 5  
5 1 . 2 5  
6 3 . 7 5  
7 6 . 2 5  
8 8 . 7 5  
1 0 1 . 2 5  
1 1 3 . 7 5  
1 2 6 . 2 5  
1 3 8 . 7 5  
1 5 1 . 2 5  
1 6 3 . 7 5  
1 7 6 . 2 5  
1 8 8 . 7 5  
2 0 1 . 2 s  
2 1 3 . 7 5  
2 2 6 . 2 5  
Ax 
P 
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1.2.5 
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
1 2 . 5  
X m ax 
X m 
r, n 
6 0  
7 1 7  
3 1 9  
2 9 1  
1 2 7  
7 6  
1 0 4  
6 7  
5 2  
70  
38 
1 9  
1 9  
1 9  
1 5  
4 
4 
3 
AV 
. .  
0 . 0 0 0 2  
0 . 0 2 8 5  
0 . 0 6 0 3  
0 . 0 4 4 1  
0 . 0 5 1 5  
0 . 0 3 0 5  
0 . 0 7 3 5  
0 . 0 5 8 9  
0 . 0 7 3 5  
0 . 1 1 3 0  
0 . 0 8 6 0  
0 . 0 5 2 3  
0 . 0 7 0 8  
0 .0838  
0 . 0 8 4 7  
0 . 0 2 8 4  
0 . 0 3 4 3  
0 . 0 2 5 7  
2 3 6 . 7 1  p 
1 3 7  U 
= 2 0 4  P 9 9  X 
v*-v* 
1 . 0 0 0 0  
. 9 9 9 7  
. 9 7 1 2  
. 9 1 0 9  
. 8 6 6 8  
. 8 1 5 4  
. 7 8 4 9  
. 7 1 1 4  
. 6 5 2 5  
. 5 7 9 0  
. 4 6 6 0  
. 3 8 0 0  
. 3 2 7 7  
- 2 5 6 9  
, 1 7 3 1  
. 0 8 8 4  
. 0 6 0 0  
. 0 2 5 7  
-- An 1 
Ax N x 2  
X 
X -X max 
0 . 0 6 1 7  
0 . 1 2 2 3  
0 . 1 9 5 7  
0 . 2 7 6 3  
0 . 3 6 8 6  
0 . 4 7 5 2  
0 . 6 0 0 0  
0 . 7 4 7 5  
0 . 9 2 5 1  
1 . 1 4 2 9  
1 . 4 1 6 4  
1 . 7 6 9 8  
2 . 2 4 4 4  
2 . 9 1 5 2  
3 . 9 3 5 6  
5 . 6 7 5 4  
9 . 3 0 9 7  
2 1 . 6 3 0 0  
- 0 . 0 4 7 3 ~  * -5 x2  
e dx dn = 5 . 3 ~ 1 0  
I 
I 
I 
I 
1 
I 
8 
‘1 
1 
1 
I 
1 
1 
1 
I 
8 
I 
1 
(2) Run 11 
X 
I1 
13.75 
26.25 
38.75 
51.25 
63.75 
76.25 
88.75 
101.25 
113.75 
126.25 
138.75 
151.25 
An 
1070 
6 81 
345 
343 
167 
121 
86 
68 
33 
21 
4 
4 
AV 
0.0095 
.0280 
.0583 
-1068 
.lo95 
.1183 
.1453 
.1575 
.1157 
.0946 
.0253 
.0311 
TABLE 6 cont .  
v* -v* 
1.0000 
.9905 
.9625 
.3042 
.7974 
.6878 
.5695 
.4242 
.2667 
.1510 
.0564 
.0311 
An 1 --
Ax Nx 2 
0.09776 
0.20484 
0.33506 
0.49685 
0.70325 
0.97569 
1.35187 
1.90499 
2.79828 
4.484902 
8.86580 
48.0159 
2 8  
X 
X -X max 
2 -0.0749~ 
X max = 154.4 1-I dn*= 2.l~lO-~ x e dx 
- 
X m 95 
- 
X g o  = 132 1-1 
X An 
11 
2 9  
TABLE 6 cont. 
(3) Run 23 
13.75 
26.25 
38.75 
51.25 
63.75 
76.25 
88.75 
101.. 25 
113.75 
78 
100 
61 
39 
18 
12 
8 
3 
1 
Av v*-v* 
0.0187 
.0656 
.1360 
,1625 
.1573 
.1710 
.1628 
.0837 
.0425 
E 
X = 135.1 p 
X = 74 p 
= 40 p 
= 105 
max 
m 
10 
90 
- 
- 
X 
- 
X 
1.0000 
-9813 
.9157 
-7797 
.6172 
.4599 
.2889 
.1261 
.0423 
X 
x -x max 
0.11331 
0 -24116 
0.40218 
0.61121 
0.8935 
1.29567 
1.91478 
2.99113 
5.32787 
* -0.0944~ 
dn = 4.2 x 10 -4 x2 e dx 
1 
1 
8 
1 
1 
8 
8 
8 
I 
I 
1 
I 
1 
8 
1 
1 
I 
I 
8 
X 
i-1 
2 
5 
1 0  
1 5  
20 
25 
30 
35 
40 
45 
50 
60 
70 
30 
TABLE 7 
ATOMIZATION I N  A SMALL AIR-ATOMIZING NOZZLE 
Data of  Houghton ( 1 4 )  
Ax An An/NAx 
i-1 
2.5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
7.5 
10 
10  
390000 
340000 
165000 
40200 
11680 
4970 
2160 
1730 
1080 
650 
4 3 0  
350 
220 
0.16275939 
0.07094640 
0.03442987 
0.00838837 
0.00243722 
0.00103707 
0.00045072 
0.00036099 
0.00022536 
0.0001 356 3 
0.00005982 
0.00003652 
0.00002295 
- 0 . 2 5 ~  
dn  = 0.062 x e dx 
n* An/xNAx 
57 .43  0.081379695 
82.47 0.014189280 
95.35 0.003442987 
98 .31  0.000559225 
99.18 0.000121861 
99.54 0.000041483 
99.70 
99 .83  
99.91 
99.96 
99.98 
99.99 
100 .oo  
w l i i l ( .  o t i l y  1 ’ 1 ,  I I i l l  i n  t h c .  t-anc~c’ of 2511 ‘1, 7011 i n  d i a m c t c r .  
‘I’hc d n L ~  0 1 -  9 9 %  of clroplc!ts ‘ire p l o t t e d  as shown i n  F i q .  1 7 ,  
w i  { I )  thc rcsul t L I n L  thc d a t a  arc: found t o  ;Iqrcc: i n  r a n q c  o f  
2 ‘L 25 l1qu iLcx  wc.11 w i t h  a XI’ d i s t r i b u t i o n  for  dn/dx whcn J, = 1 0 ,  
and b = 0 . 2 5 .  Thc t h e  d i s t r i b u t i o n  e q u a t i o n  is  e x p r e s s e d  by 
- 0 . 2 5 ~  
- -  dn* - 0 . 0 6 2  x e dx 
The d r o p  s i z e  d i s t r i b u t i o n  produced  by a p a r t i c u l a r  s w i r l  
t y p e  n o z z l e  h a s  been measured by Edward R i c e 1 5 .  
p i c t u r e s  w i t h  2 5  t i m e s  l i n e a r  m a g n i f i c a t i o n  u s i n g  a f l u o r e s c e n t  
t e c h n i q u e .  The number and  s i z e  cf d r o p l e t s  on t h e  p h o t o g r a p h s  
were d e t c r m i n e d  w i t h  a f l y i n g  s p o t  a u t o m a t i c  c o u n t e r .  
u s i n g  t h e  x 2  d i s t r i b u t i o n  by t h e  a u t h o r s .  A s  e x p e c t e d ,  t h e  d a t a  
f o l l o w  t h e  same d i m e n s i o n l e s s  e q u a t i o n s  even  i f  t h e  i n j e c t i o n  
p r e s s u r e  i s  changed ,  as shown i n  F i g .  1 8 ,  i . e . ,  
H e  t ook  d r o p l e t  
D a t a  f o r  e t h a n o l 1 5  is  g i v e n  i n  T a b l e  8 .  The d a t a  w e r e  a n a l y z e d ,  
-0.5 -2.5x 
X 
dn* = 0 . 8 9 2 1 (  A) e d (7) 
X x32 32 
Thus f o r  t h i s  n o z z l e  t h e  p r o p e r t y  c o m b i n a t i o n  t h e  d i s t r i b u t i o n  
i s  d e t e r m i n e d  o n l y  by t h e  v a l u e  of S a u t e r ’ s  mean d i a m e t e r  ( x 3 2 ) ,  
and x 
T h i s  s u g g e s t s  t h a t  f o r  a g i v e n  n o z z l e  and  f l u i d  p r o p e r t y  c o m -  
b i n a t i o n  t h e  d i s t r i b u t i o n  e q u a t i o n  i s  d e t e r m i n e d  by t h e  va lue  
of x32 and t h a t  x32 migh t  be e x p e c t e d ,  i n  g e n e r a l ,  t o  be a 
f u n c t i o n  of t h e  i n j e c t i o n  pressure. 
i s  found t o  be a f u n c t i o n  of t h e  i n j e c t i o n  p r e s s u r e .  3 2  
- 
Hiroyasu  and Tanasawa16, u s i n g  a new t y p e  of d r o p  s i z e  
a n a l y z e r  based  on s e d i m e n t a t i o n ,  measured  t h e  d r o p  s i z e  d i s t r i b u -  
t i o n s  produced  by v a r i o u s  types of D i e s e l  i n j e c t i o n  n o z z l e s .  
The d r o p l e t s  s p r a y e d  from a n o z z l e  w e r e  a l l o w e d  t o  f a l l  
dowr. a s e t t l i n g  tower o n t o  and a u t o m a t i c  r e c o r d i n g  b a l a n c e  t o  
q i v c  w c  i g h t  v e r s u s  t i m e  d a t a .  Then d i a m e t e r  v e r s u s  f a l l i n g  t i m e  
d a t a  w c r c  u5;c.d w i t h  t h e  w e i g h t  v e r s u s  t i m e  d a t a  t o  c a l c u l a t e  t h e  
cumu1,i t ivc w e i g h t  v e r s u s  d i a m e t e r  d i s t r i b u t i o n .  Then t h i s  d a t a  
W A S  .iI:,ilyzcd u s i n g  t h c  c u m u l a t i v e  volume x d i s t r i b u t i o n  e x p r e s s i o n s .  
32 
TABLE 3 
1)ROPLET DATA O P  S W I R L  ATOMIZER 
(15) OBTAINED BY EDWARD R I C E  
I 
I 
X IJ Ax Ll An An/Nhx xo 5*n/Niln 
1 2 . 0 7  
1 7 . 0 7  
2 4 . 1 4  
3 4 . 1 4  
48 .29  
6 8 . 2 9  
9 6 . 5 7  
1 3 6 . 5 7  
1 3 3 . 1 4  
4 . 1 4  
5 . 8 6  
8 . 2 8  
1 1 . 7 2  
1 6 . 5 7  
2 3 . 4 3  
3 3 . 1 4  
4 6 - 8 6  
6 6 . 2 7  
5 2 6 0  
2 2 7 8  
3022  
1 2 7 0  
1 1 6 6  
6 4 7  
2 2 2  
1 1 4  
1 9  
9 . 0 7 6 5  x 
2 . 7 7 7 1  x 
2 . 6 0 7 3  x 
7 . 7 4 1 2  x 
5 . 0 2 7 0  x 
1 . 9 7 2 7  x 
4 .7856  x 
1 . 7 3 7 9  x 
2 . 0 4 8 2  x 
1 2 . 0 7  
1 7 . 0 7  
2 4 . 1 4  
3 4 . 1 4  
4 8 . 2 9  
6 8 . 2 9  
9 6 . 5 7  
3 3 0 . 5 7  
-0 .5  - . 43x  
dn” = 0 . 3 7  x e dx 
4 .14  
5 . 8 6  
8 . 2 8  
1 1 . 7 2  
1 6 . 5 7  
2 3 . 4 3  
3 3 . 1 4  
4 6 . 8 6  
6 2 0 6  
2 2 5 8  
2 6 6 7  
7 3 0  
5 0 9  
1 2 7  
1 9  
1 
1 . 1 9 7 6  x 1 0 ”  
3 .0784  x 
2 . 5 7 3 3  x 
4 .9762  x 
2 . 4 5 4 1  x 
4 .3304  x 
4.5804 x 
1 . 7 0 4 9  x 
8 
I 
- 0 . 5  - 0 . 7 2 ~  
dn* = 0 . 4 8  x e dx 
P = 40  p s i  
3 . 1 5 0  x 10-1 
1 . 1 4 7  x 1O-I 
1 . 2 7 8  x 10-1 
4 . 5 2 1  x 
3 . 4 8 9  x 
1 . 6 3 0  x 
4 . 6 9 5  x 
2 . 0 3 0  x 
2 . 8 4 9  x 
P = 7 0  p s i  
4 . 1 5 6  x 10-1 
1 . 2 7 1  x 1O-I 
1 . 2 6 1  x 10-1 
2 . 9 0 6  x 
1 . 2 1 2  x 
3 . 5 7 7  
4 . 4 9 3  
1 .991  
3 3  
TABLE 8 
( c o n t i n u e d )  
X AX An An/NAx P U 
12.07 4 . 1 4  7752 1.386 x lo- '  
5.86 2600 3.285 x 17 .07  
24.14 8.28 2319 2.074 x 
34.14 11.72 534 3.373 
48.29 16 .57  263 1.175 x 
68.29 23.43 37 1.169 x 
33.14 2 4.468 x 96.57 
-0.5 -1.09x 
dn*= 0.59 x e dx 
P = 100 psi 
X o * 5  An/NAx 
4.809 x 10-I 
1.357 x 10" 
1.016 x 10-1 
1.970 x lo-* 
8.155 x 
9.656 x 
4.383 
3 4  
i l ' i q .  1 0  :;tiow:; I t i c >  t l l - C ( b c * L  o f  r o L ; r t i o i i 8 1 1  speed of the pump on 
Llrc. :; i zc' t l  i : : l  r i t J i i t  ion of tlrop:; prodiictltl by ,-I t h r o t t l c  n o z z l e .  
From t h e s e  curvcJs wo c a n  o h t a i n  khe d i s t r i b u t i o n  p a r a m e t e r s  4 and 
x . Having ( p ,  t h e  va lue  o f  b can *be obtained u s i n g  E q .  3 9  and 
T a b l e  2 .  The r e s u l t s  of t h i s  expe r imen t  showed t h a t  even  i f  
o p e r a t i n g  c o n d i t i o n s  are changed, t h e  d i s t r i b u t i o n  p a r a m e t e r  $ 
d o e s  n o t  change .  I t  w a s  a l s o  found t h a t  t h e  median d i a m e t e r  Xm 
of s p r a y s  dcrrcascs w i t h  i n c r e a s e  i n  r o t a t i o n a l  s p e e d ,  i . e . ,  an  
incrc.;isc? of i n j c c t i o n  p r c s s u r e .  The e x p r e s s i o n  o b t a i n e d  f o r  t h e  
drop s i z c  d i s t r i b u t i o n  o f  sprays  produced  by a t h r o t t l e  n o z z l e  i s  
- 
m 
3 - 3 . 6 7  (x/Xm) dv* = 3 0 . 3 0  (-) X e d (x/Xm) - 
X m 
S i m i l a r l y ,  t h e  r e s u l t s  o b t a i n e d  f o r  t h e  p i n t l e  n o z z l e  a re  shown 
i n  F i g .  2 0 ,  and t h e  d r o p  s i z e  d i s t r i b u t i o n  of s p r a y s  i s  e x p r e s s e d  
by 
F i g .  22  shows t h e  e f f e c t  of v i s c o s i t y  of f u e l  on t h e  s i z e  
d i s t r i b u t i o n  of d r o p s .  These  r e s u l t s  show t h a t  t h e  e f f e c t  o f  
v i s c o s i t y  of f u e l  is l a r g e r  t h a n  it is  u s u a l l y  e x p e c t e d  t o  be. 
When t h e  v i s c o s i t y  of t h e  l i q u i d  becomes larger t h a n  1 0  c p ,  
t h e  v ' i l ues  o f  Q, d e c r e a s e  w i t h  increase i n  v i s c o s i t y  as shown i n  
F i g .  2 2  and (p  t a k e s  v a l u e s  o f  4 = 8 f o r  1.1 = 1 0  c p  t o  41 = 4 . 4  fo r  
11 = 200  c p .  
A s  h a s  been i l l u s t r a t e d  i n  t h e  above  examples ,  e x p e r i m e n t a l  
data show t h a t  t h e  s i z e  d i s t r i b u t i o n s  produced  by a number of spray 
p r o d u c i n g  d e v i c e s  f o l l o w  t h e  x2 d i s t r i b u t i o n  r e a s o n a b l y  w e l l .  T h i s  
d i s t r i b u t i o n  ccln be g raphed  f a i r l y  s i m p l y ,  and  f u r t h e r m o r e ,  i f  t h e  
pa rc im( \ t c r s  and 4 are d e f i n e d ,  s e v e r a l  e x p r e s s i o n s  of d i s t r i b u t i o n  
(volumc,  numbcr, c u m u l a t i v e ,  etc.) can b e  found and  s e v e r a l  mean 
d ~ m c t c r s  C a n  b e  c ' l l c u l a t e d .  
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